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Multi-equilibrium property of metabolic networks: MMN module
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SUMMARY

This paper studies the multi-equilibrium property of the multiple substrates and multiple products with no
inhibition (MMN) module. On the basis of the topological structure, a model for such module is established
in the form of a set of nonlinear ordinary differential equations. It is shown that the injectivity of the
MMN module is equivalent to the nonsingularity of Jacobian matrix of its rate function, and a necessary
and sufficient condition for the injectivity is obtained by using the Hadamard product. For non-injective
MMN module, a sufficient condition for existence of multiple positive equilibria is provided by introduc-
ing the concept of input-matrix. For a type of commonly encountered MMN module—.</-MMN module—a
structure-oriented criterion for judging its injectivity is given. For .«7-MMN modules with some special struc-
ture, it is shown that there does not exist multiply equilibria and the equilibrium (if exists) is asymptotically
stable. Examples and simulations are given to illustrate the results obtained. Copyright © 2012 John Wiley
& Sons, Ltd.
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1. INTRODUCTION

Multi-equilibrium of metabolic networks is a fundamental and significant property in systems
biology [1-7], including the capacity for admitting multiple equilibria and the dynamic behaviors
of the equilibria. The former considers the existence of multiple equilibria and the latter focuses
mainly on their stabilities. This problem has very important realistic meaning. For example, the
multi-equilibrium property of the photosynthetic carbon metabolic network in the mesophyll cells
is closely related to the productivity of food crops [8§—10]. It is not only expensive but also difficult,
even not possible, to explore this problem via biological experiments. Hence, many scientists tried
to investigate this issue by using mathematical models from the theoretical point of view [11-13].
These works depended on not only the structure but also parameter information of the mathematical
models. On the one hand, obtaining such information is very difficult. On the other hand, the param-
eter information varies greatly with individuals and is seriously influenced by environmental factors
(temperature, PH value and so forth). For these two main reasons, the theoretical analysis is usually
difficult, and the generalization and application of the theoretical results are limited. Compared with
both the structure and parameter information of a metabolic network, the structure information is
relatively more stable and easier to be obtained. As a result, structure-oriented analysis methods on
the multi-equilibrium property of general metabolic networks are eagerly required.

On the basis of the topological structure of networks, some works related to the multi-equilibrium
property have been carried out in [14-21], and a summary on these works can be found in [3].
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For chemical reaction networks, Craciun and Feinberg [17] developed a very rich theory to
injectivity tests by means of the Jacobian matrix of the rate function based on the law
of mass action. For metabolic networks, to make full use of the topological structure and
reduce the difficulty and complexity of the theoretical analysis and practical application, Lei
et al. [3] proposed a ‘modularization’ idea: regarding a metabolic network as an assembly
of some basic building blocks (called metabolic modules) with specific structures and func-
tions, then to investigate the entire network by analyzing the functional characteristic and
interactions of these basic modules. According to the numbers of the substrates and prod-
ucts and the existence of inhibition, [3] decomposed a metabolic network into four classes of
basic modules, called the Single substrate and Single product with No inhibition (SSN), the
Single substrate and Single product with Inhibition (SSI), the Multiple substrate and Multiple
product with No inhibition (MMN) and the Multiple substrate and Multiple product with
Inhibition (MMI), respectively. Here, a feasible method of realizing such decomposition may
be to take initially each metabolic reaction as a module and then extend it to the maximum
through adding its neighbor nodes according to the definition of basic module. Furthermore, Lei
et al. [3] gave an equivalent condition for the injectivity of SSN module, and proved that SSN mod-
ule with output nodes cannot have multi-equilibrium, the equilibrium (if existed) was shown to be
asymptotically stable in [4]. Lei et al. [5] studied the SSI module and provided a necessary condition
for the existence of multi-equilibrium of the SSI module, in which each reaction had no more than
one inhibitor.

This paper focuses on the multiple substrates and multiple products with no inhibition (MMN)
module, which commonly exists in metabolic networks. In fact, a metabolic network where every
reaction has no inhibitor can be seen as one or more MMN modules. Thus, the study on the multi-
equilibrium property of the MMN module not only is a key step to realize the ‘modularization’ idea
proposed by [3] but also can be directly applied to investigate some specific metabolic networks,
and provides a valuable basis to the research on general MMI module.

Compared with the SSN modules, the MMN ones are more complex in topological structure.
Firstly, the metabolite in the MMN module can be associated with each other by a lot of reac-
tions, and the transformation relationships among metabolites are versatile and flexible, which may
cause high complexity of the topological structure. Secondly, the reaction mechanism in the MMN
module is also more complicated than the one in SSN module. For example, the rate of a given
metabolic reaction in SSN module depends mainly on the concentration of one kind of metabolite,
but the one in MMN module may be related to the concentrations of several or even all kinds of
metabolites. Thus, the complexity of the MMN module is mainly derived from the strong coupling
of substrates and products, which is different from the one in SSI module caused by the negative
feedback inhibition.

Because of the special structure of the MMN module, at least three difficulties need to be over-
come for the theoretical analysis of the equilibrium property. The first is to set up an unified model,
to which the difficulty comes from the complex topology and coupling among metabolic reactions.
The second is to deal with the nonlinearity. The rate of a reaction with multiple substrates is multi-
variable, which makes the nonlinearity of the model of MMN module stronger than the one of SSN
module, or even than the one of SSI module. The methods in [3,5] do not work here, then we have to
develop new techniques to cope with this nonlinearity. The third is to remove parameter information
and extract structure information. The starting point of ‘modularization’ idea is oriented towards
the topological structure, and our aim is also to study the effect of the network structure on the
multi-equilibrium property. Thus, it is necessary, although difficult because of the increase of model
parameters and complexity of network structure, to separate the structure and parameter information
effectively and appropriately.

As mentioned in [3], to describe the rate of a metabolic reaction, the Michaelis—Menten and Hill
kinetics [22, 23] require less information about the intermediate reactions compared with the law
of mass action, and the parameters in the Michaelis—Menten and Hill kinetics have clear biological
meaning and can be regulated by experimental techniques. On the other hand, an enzyme-catalyzed
metabolic reaction usually contains several intermediate reactions, and they are unknown in many
cases. Thus, we take the Hill-form kinetics as the modeling mechanism in this paper, which makes
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MULTI-EQUILIBRIUM PROPERTY OF MMN METABOLIC MODULE 1507

the theoretical analysis more difficult than the one in [17] because the model of a network based on
the Hill-form kinetics is much more complex than the one based on the law of mass action.

To establish a unified model and conduct theoretical analysis for the MMN module, we construct
a special vector space and use a nonlinear ordinary differential equations to formulate the model by
means of the projection operator. It is shown that the injectivity of the MMN module is equivalent to
the nonsingularity of Jacobian matrix of its rate function; and then, an easy-to-verify, necessary and
sufficient condition for the injectivity is provided by using the Hadamard product. Furthermore, a
sufficient condition on the existence of multiple positive equilibria is given via introducing the con-
cept of input-matrix. For a class of commonly encountered MMN module—.«/-MMN module—a
criterion for judging the injectivity is obtained, which is completely based on the network struc-
ture. Especially, for a special class of .o/-MMN module, the Jacobian matrix of their rate functions
is shown to be diagonally dominated with a chain of nonzero elements, which implies that such
module cannot have multiple equilibria, and the equilibrium (if exists) is asymptotically stable.

The rest of this paper is organized as follows. Section 2 describes the formulation of the MMN
module. Section 3 gives the multi-equilibrium property of both the MMN module and the «7/-MMN
module, including the judging criterion of the injectivity and sufficient condition on existence of
multiple positive equilibria. Section 4 uses some numerical examples and simulations to demonstrate
the effectiveness of the methods and results developed in this paper. Section 5 provides concluding
remarks and related future works. Some detailed mathematical results and proofs are put into the
appendix section.

2. MODELING OF MMN MODULE

In this section, the modeling method of the MMN module is provided, and some symbols used in
this paper are also given. We use a digraph to reveal the inter-relationship among the metabolites,
and Hill-form kinetics to describe the reaction rate. On the basis of the network structure, a model
of the MMN module is given by a set of ordinary differential equations.

2.1. Definitions and symbols

To clarify what an MMN module is, we need several concepts. Firstly, the metabolic reactions are
classified into four classes according to the numbers of substrates and products and the existence
of inhibitions.

Definition 2.1 ([3])

A metabolic reaction is called a single substrate and single product (SS) reaction, if it contains only
one substrate and one product; otherwise, called a multiple substrate or multiple product (MM)
reaction. An SS (or MM) metabolic reaction is called an SS (or MM) reaction with inhibition, SSI
(or MMI) for short, if there exist some inhibitors of the reaction; otherwise, called an SS (or MM)
reaction with no inhibition, SSN (or MMN) for short.

Then, the metabolites in a group of reactions with no inhibition are classified into three classes.

Definition 2.2

For a group of metabolic reactions with no inhibition, its interaction graph is a digraph by viewing
the metabolite and reaction as its node and edge, whose direction is from the substrate to product.
A node is called an input node, if the direction of each edge connecting it points to other nodes; a
node is called an output node, if the direction of each edge connecting it points to itself; a node is
called a state node if it is neither an input node nor an output node.

Remark 2.1
A reversible reaction will be viewed as two reactions of a forward one and a reverse one. For

E E
example, regard A + B = C + D as a combination of the forward reaction A + B — C + D

E
and the reverse reaction C + D — A + B.

Now, we can give the definition of the MMN module.

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2014; 24:1505-1529
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Definition 2.3
(MMN Module)

For a given metabolic network, the set of all the metabolites is denoted by .#Zs, and the set of all
the reactions is denoted by Zxr. (A, %) is called an MMN metabolic module of this network, if
the following conditions are satisfied:

(i) . is a nonempty subset of .Z 4 ;

(i) Z < Zs is nonempty and consists of all the reactions that are relevant to the metabolites
in .Z . Here, a reaction is said to be relevant to a metabolite S, if S is a substrate, product or
inhibitor of this reaction;

(iii) all the reactions in % have no inhibitor;

(iv) if there exist input nodes and output nodes, then for any state node S € .#, there exists a
directed path from some input node to S and a directed path from S to some output node in
the interaction graph of #; and

(v) the undirected graph constructed as follows is connected: remove all the input nodes and output
nodes (if any) and edges connected them, and replace each directed edge by an undirected edge
in the interaction graph of Z.

Remark 2.2

In the definition earlier, (iv) and (v) proceed from the practical metabolic networks and the
‘modularization’ idea. As Lei ef al. [3] mentioned, (iv) is from biological systems, mainly because
in a living organism any metabolite must be synthesized from other metabolites and be converted
into an output; (v) is essential for the modularization decomposition.

Remark 2.3
(i) If all the reactions in (.#, %) are SSN reactions, then (.#, %) is an SSN module [3].
(i) Denote the set of input nodes, the set of output nodes and the set of state nodes by .#, ¢ and
7, respectively. By Definition 2.2, it can be seen that

JINO=9P, (FUOYNS =0, JUOUYS =.4.

(iii)) A metabolic network without any inhibitor can always be divided into one or more MMN
modules. Especially, if (iv) and (v) of Definition 2.3 are satisfied, then the network is an
MMN module.

Here, we use an example to explain the definitions and symbols given earlier.

Example 2.1
The following is a group of metabolic reactions without inhibition:

Hy — 81,51 —> 82,51 —> 83,51+ Hy —> S4,

Sy — 85,84+ S3 —> S¢ + P,S3+ S4 —> S5 + S6, S5 = 52, S¢ = S4,

whose interaction graph (Figure 1) can be drawn according to Definition 2.2. The set containing all
these reactions is denoted by %y, and .# 2 {Hy, H3, S1, S2, 83,84, S5, Se, P}. By Definition 2.3,
(Mo, %) is an MMN module, the set of state nodes .y = {S1, S2, S3, S4, S5, Se}, the set of input
nodes .%y = {H1, H»} and the set of output nodes 0y = {P}.

IfS; — 85,81 = 53,8+ S4 > S5 + S¢ and S¢ — S4 were removed from %, then the rest
will be divided into two MMN modules because (iv) and (v) in Definition 2.3 do not hold.

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2014; 24:1505-1529
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Figure 1. Interaction graph of a group of metabolic reactions with no inhibition.

For a finite set / and number field K, the vector space over K generated by / is denoted by
K! = {Ziel ol o € K}; for J C I, the projection operator 27 (-) from K’ to K/ is given by

QK > K’

E ) Olﬂl—)E ooyl
iel ieJ

In addition, Z 4, Z+, R, R4 and E+ are the sets of positive integers, non-negative integers, real
numbers, positive real numbers and non-negative real numbers, respectively; ‘0% = 1’ is appointed
in this paper.

2.2. Model

Before modeling the MMN module, we firstly give an appropriate expression to describe the rate
of the reaction with no inhibition and consider a metabolic reaction with Ny Kinds of substrates and
N, kinds of products:

arAy +---+an,Any — b1 By + -+ bnp By, (D

where a; € Z4 and b i € 7, are the stoichiometric coefficients with respect to the substrate A; and
product Bj, respectively, 1 <i < Ng, 1 < j < N,. We adopt the following Hill-form kinetics to

describe the rate of (1):
Ny . a;
[4;]" ) :
v="V- —_— 2
[ (ki + [Ai]™ @

i=1

where [-] denotes the concentration of ‘-’; the parameters V € R4, k; € R4 and n; € Z 4 are the
maximum reaction rate, Michaelis—Menten constant and Hill coefficient, respectively. The reaction
(1) generates A; with the rate of a;v and consumes B; with the rate of bjv, 1 < i < Ny and
1<) <Np.

Remark 2.4
Here, the main reasons of using (2) to describe the rate of (1) are as follows:

(1) if Ny =1, then (2) is the Hill kinetics [22];
(i1) if (1) is a bi-substrate reaction, then the Michaelis-Menten kinetics [13,23] is a special form
of (2); and
(iii) in practice, the metabolic reaction with three or more substrates is not so common, but its real
rate is very complex. In this case, (2) is just an approximate rate of (1), whose advantage is that
(2) still obeys the Hill or Michaelis—Menten mechanism when the concentrations of Ny — 1 or
N — 2 kinds of substrates are constant.

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2014; 24:1505-1529
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Remark 2.5

From (2), it can be seen that the reaction rate of (1) described by the Hill-form kinetics is a rational
fractional function with 2 N + 1 parameters, but the one described by the law of mass action in [17]
is a multilinear function with only one parameter.

Now, we set up the model of the MMN module (.Z,%). Let .#, ¢ and . be the set of input
nodes, the set of output nodes and the set of state nodes, respectively. Then, a reaction in % can be
represented as

A>B, AeR7Y, BeRTY.

Assume that there are n kinds of metabolites in . and m reactions in % and denote

S ={S1,...,Sn},

X ={A1 — B1,...,Am = Bu}.

The coordinate vector of €2 5 (A;), which is the projection of .4 ; from K‘fuy to Ef, with respect
to the basis {S1,...,S,} is denoted by «;. Similarly, the coordinate vector of 2 o (8;), which is

the projection of B; from EfUﬁ to Rf, with respect to the basis {S1,...,S,} is denoted by ;.
o; ; and B; ; are the i-th component of «; and f;, respectively, 1 <i <n, 1 < j < m. Represent
the set of input nodes as .# = { Ii,.... 1 l—}, denote the coordinate vector of €2 »(A;) with respect
to the basis {I Toeeosd i} by y;, and let yz ; be the coordinate component of y; with respect to /z,
I<t<,1<j<m.

The rate of A; — 5, is denoted by v;, which is given by (2), that is,

n x.ni,j @ j
vi=wVi[] (l—) ; 3)

T
i=1 ki.j +xiu
7T 1"\ e ; ; _ T
where p1; =[], (m) xi=[Sih1<j<m I <i<nLetpu={,....0m} ,
v =A{V,....Vu)T, Kj = (k]gj,...,kn’j)T, nj = (nlgj,...,nn,j)T, Kk = (K1,...,km) and n =
(M5« snm). Then, v; = v;(x) =v; (x;p;, Vikj,mj) withx = (xq,...,x)7, j=1,....m.
Given S; € .7, the change rate of its concentration is equal to the rate of generating it minus the
one of consuming it, or mathematically,

dx; " )
o= 2 Bij iy, 1<i<n, )
j=1

Then, taking the concentrations of state nodes x as the variables, one can obtain a model of (.#, %)
with respect to the rate form (2):

© e r1(x; @, v, Kk, 1) X m
<= |- : Sr(xpv.en) =Y (B —a)v;, (5)
dxy Fn(X: v, K6, 1) j=1
de
where r;(x;u,v,k,n) is given by the right of (4), i = 1, ..., n. Let P = (vy1,...,0m),
O0=B1,....8m), W=0—Pandv=(vy,...,us)T. By (5), we have
dx
— =r(xp,v,k,n) = Wo. (6)
dr
Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2014; 24:1505-1529
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Remark 2.6
(i) Only the concentrations of the state nodes are viewed as the variables of model (5), the ones
of the input nodes are viewed as the model parameters.
(i) The matrices P and Q represent the structure information of the MMN module, which are not
related to the exact rate form of the metabolic reaction and parameters in the rate.

Definition 2.4

r(x; u, v, k,n)is called the rate function of (.#, %) with respect to the rate form (2), or the rate func-
tion for short; accordingly, R = {r(x; wov,k,m) s e R, veRY, ke RY xR, neZl x Zf,”_}
is called the set of rate functions of (.#, %). If, for any given r € R, r is injective on R’} , then we
say (4 , %) is injective. Otherwise, (.#, %) is non-injective.

Definition 2.5

X € R’} is called an equilibrium of (.7, %), if there exists r € R such that r (x) = 0. If there exists
r € R such that the algebraic equation r = 0 has at least two roots in R” , then we say (.#Z, %) has
the capacity for admitting multiple positive equilibria; otherwise, (.#, %) has not the capacity for
admitting multiple positive equilibria.

3. MULTI-EQUILIBRIUM PROPERTY OF MMN MODULE

This section gives two criteria for judging the injectivity of MMN module. For the non-injective
MMN module, a sufficient condition for existence of multiple positive equilibria is provided.
Then, the results are used to analyze the multi-equilibrium property of a special type of the MMN
module—.¢7-MMN module.

3.1. Injectivity criterion

By Definition 2.4-2.5, it can be seen that the injectivity of the MMN module is a sufficient condition
for the absence of multiple equilibria or the non-injectivity is a necessary condition for the existence
of multiple equilibria. But verifying whether a vector-valued function is injective is not easy, and
even quite difficult when some parameters are unknown. This subsection will give two equivalent
conditions for the injectivity of the MMN module, with which verifying injectivity becomes easier
or even can be realized by the use of computer softwares.

To make the thought concise, we will begin with the case of scalar functions. Let f be
with one variable and continuously differentiable. Then, f is injective if and only if its deriva-
tive is nonzero everywhere because of Differential Mean-Value Theorem. This naturally arises
a question whether Jacobian matrix of the vector-valued function can be used to determine
its injectivity. It is regrettable that the injectivity of the vector-valued function is not equiva-
lent to the everywhere nonsingularity of its Jacobian matrix. For example, given the function

T
fi(s, 1) = (ﬁes/z cos(te™), v/2¢%/2 sin(te_s)) [24], the determinant of its Jacobian matrix
is det[(%, %)] = 1 and f1(0,¢t + 2kw) = f1(0,¢). This tells us that f; is non-injective,
although its Jacobian matrix is nonsingular. For function f,(s,t) = (%(s — 1)3,t)T [5], it can
be seen that f>(s,?) is injective on R2, although the determinant of its Jacobian matrix is zero
on {(s,t) € R? : s = 1} because det [(%, %)] = (s — 1)2. Fortunately, the rate function of

the MMN module has a property similar to the Differential Mean-Value Theorem. On the basis of
such property, we can prove that the injectivity of the MMN module is equivalent to the everywhere
nonsingularity of Jacobian matrix of its rate function.

For convenience, denote the Jacobian matrix dd—; by Z(x).

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2014; 24:1505-1529
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Lemma 3.1
Forany r € R, b = (bl,...,bn)T € R anda = (al,...,an)T € R”, there exist 7 € R and
c= (cl,...,cn)T € R” such that
r(b) —r(a) = Z5(c)(b —a) (7
and
min{a;, b;} < c¢; <max{a;,b;}, 1<i<n. (®)
Proof

Choose 7 and ¢ by the way of Lemma A.5, and ¢; as follows

bi—a; . "
¢ = { Inbj—Ina;’ ai 75 bl’

a;, [47] Zbi.

Then, ¢; >0and & = b; —a;, 1 <i <n.ByLemma A.5, (7) is true.
Without loss of generality, for any given i, let b; = a;. If b; = a;, then a; < ¢; < b;; otherwise,
consider the following functions:

g1(t)=>b;jInb; —b; +t —b;Int, 0<t<b;,
g(t)=ailna; —a; +t —a;Int, a; <t.

Noticing g1(t) = 1 —b;/t, g1(b;) = 0 and g5(¢) = 1 —a;/t, g2(a;) = 0, we have g;(¢) = 0,
0 <t <b;and g(t) = 0,a; <t. Thus,

bi—ai  gi(ai)

bi —ci =b; — = > 0,
' i ' In b,’ —In a; In bi —In a;
b. _ . b
Ga= ima o &0)
lnb,‘ —lnai lnb,‘ —lna,-
which implies a; < ¢; < b;. Therefore, one can obtain (8). O

Remark 3.1

At first glance, this lemma is very similar to the well-known Differential Mean Value Theorem. But,
actually there are some differences between them. Firstly, r and 7 are often not equal. Secondly, 7
may depend on a and b.

Lemma 3.2
Forany r € R, c € R and § € R", there exist 7 € R, b € R’} and a € R’ such that

Zr(c)§ =7 (D) —F(a)
and
b—a=E&.

Proof
Choose 7, b and a by the way of Lemma A.6, and a; as follows

& .

a: = egl-/(vl-_ls Sl 7503
;=

any positive real number, §; = 0.

Then, we have

giebilci

a; >0, bi=a;+&=—F"
1 1 1 El esi/ci—l

which implies the lemma by Lemma A.6. |

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2014; 24:1505-1529
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Theorem 3.1
The MMN module (.#, %) is injective if and only if

d
det (d—r) £0, VxeR™, VreR. )
X

Proof

Firstly, prove the sufficiency. Supposing (9) is true, we prove that (.#, %) is injective. If (4, %)
was non-injective, then there would exist r € R such that r is non-injective on R”_, that is to say,
there would exist a € R’} and be R’ such that

b—a+#0, r)—r(a)=0. (10)
For these r, a and b, by Lemma 3.1, there would exist 7 € R and ¢ € R’ such that
r(b) —r(a) = Zr(c)(b —a),

which together with (10) implies det (Z7(c)) = 0. This contradicts (9). Thus, (.#, %) is injective,
and the sufficiency is proved.

Now, we prove the necessity. Supposing (.#, %) is injective, we prove (9). If (9) was not true,
then there would exist r € R and ¢ € R’} such that det(Z;(c)) = 0. Therefore, there would exist
0 # £ € R” such that

Zr(c)§ =0. (1D
For these r, ¢ and &, by Lemma 3.2, there would exist 7 € R, a € R"} and b € R” such that
b—a=¢, 2 (c)§ =7 (b)—r(a). 12)
Noticing a # b because of £ # 0, by (11) and (12), we know that 7 is non-injective on R” , which
contradicts the injectivity of (.#,%). Thus, (9) is true, which implies the necessity. ]
Corollary 3.1
If W in (6) satisfies
Rank(W) < n, (13)

then (.#, %) is non-injective.

Proof
By (6), we have j—; = Wj—;’c, which together with (13) implies

dr . dv
Rank [ — ) < min {Rank(W),Rank | — | ¢ <n.
d dx

X

Thus, det (g—;) = (. By Theorem 3.1, the corollary is obtained. O

Corollary 3.2
If m < n, then (#, %) is non-injective.

Remark 3.2
If the number of metabolic reactions is less than the one of state nodes, then the MMN module is
non-injective by Corollary 3.2.

Theorem 3.1 plays an important role in this paper and supplies a method of judging injectivity.
More importantly, it is also a bridge between structure-oriented method and the multi-equilibrium
study on the MMN module. On the basis of this theorem, we can obtain an easy-to-verify equivalent
condition on injectivity.

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2014; 24:1505-1529
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Definition 3.1 ([25])
Let A = (aij)mxn and B = (b;j)mxn. The Hadamard or Schur product of A4 and B is the matrix
Ao B = (ai_,-b,-j)mx,,.

Definition 3.2
For the n-by-m matrix U with n < m, putting its j;-th, ..., j,-th column together in sequence forms

a new square matrix denoted by U(j1,..., ju), Where j; € M £ {I,...,m},1<i <n.

Lemma 3.3
Let E = E(x;k,n) = ({1,...,¢m), where {; is given by (A.1), j = 1,...,m.If m <n, then
d
det (—r) —o. (14)
dx
Otherwise,

det(ﬂ)z 3 l_[x vj, det(W(ji1s. .. ju)) det(E(irs- - ju) 0 P(ts - o ju))- (15)

dx
{J1ein}EM i=1

Proof
If m < n, (14) is obtained by Corollary 3.1. Otherwise, by (A.3) we have

ﬁ x; | det ﬂ
: ! dx

m

kijni; o T o

= Hxi det Z(ﬂj—aj)v]# LJj , Z(ﬂf @) kn,jnn,; Xn.j
=1

1
kll—{-xljx kn]—{—n"j Xn

nn,
n

-y S det (Bj, —aj)vjikyjnu o (Bj, — )V kn, juln,ji On.j,
— p S

ljl
SleEM  jueM ki, + X njn t Xn

n
_ 3 d (Bjy —aj)kijinu o (Bjn — i)k jun,jiu On,jn
= E l_[vjl. et ZTwe S .

. M, jn
J1EM Jn€M i=1 kl,jl + X k”]n + Xn

k1 jnlj n]nn]
= det Z(ﬂ] O‘J)UJ ' nlj 1) Z(ﬁj O‘J)UJ ; T, %

(16)

For given {j1, ..., jn} € M, denote A be the permutation group generated by {ji, ..., j,}. Then,
the coefficient of [];_, vj, in (16) is

n1.8(1) v

Z det ([ (Bsay — asy))kisyns()@1,501) (,38(n) — () kn 5(n) 0.8 (n)An.5(n) D

sea kisay + X, kn sy + xn" "
" k. SIS
=>"T1 "—’,,f‘;ma,-,w) det(W(S(1), ....8(n))

feaiz1 Kis@) +x

n
ki sayni s . . .
=>"T1 L’ni’;mai,w)mgnw) det(W(j1,- .. jn)-
fen izt Kisw +x
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By (A.1) and Definition 3.1, we have

n
ki sayni s . . ) . .
LD o sysign(6) = det(E(ji..... jn) © P(j1r-- . jn)).

seaizt Kisw +X;

Thus, the lemma is proved. O

Remark 3.3
[Tz, x; o), det(W(j1s ..., jn)) det(E(ji, .-y jn)© P(ji,- .., jn)) is called a term in the determi-

nant expansion of Jacobian matrix g—;.

Definition 3.3

Given a group of functions f1(:),..., f2(-), we say the functions have the same sign on the set X if
sign(f1(x)) =sign(f2(x)) =--- =sign(fi(x)), VxeX.

Theorem 3.2

The MMN module (.#, %) is injective if and only if m > n and there exist nonzero terms in the
determinant expansion of d—;, and all these nonzero terms have the same sign on R’ for any r € R.

Proof
By Theorem 3.1 and Lemma 3.3, the sufficiency is true.

The following is the proof of the necessity. Suppose (.#, %) is injective. Then, by Corollary 3.2,
we have m = n. By Theorem 3.1 and Lemma 3.3, there exist nonzero terms in the determinant
expansion of g—;. If these nonzero terms do not have the same sign on R’} , then there exist ¥ € R’}

{jir-+-sjn} S M and {iy,...,in} € M such that

det(W(j1,....Jn))det (E (X:6,0) (j1s--sjn) 0 P(j1,-. .. jn)) >0,

det(W(iy,...,ip))det (E (X;k,n) (i1,...,in) 0 P(i1,...,in)) <O.

Hence,

o Vi A
Dy (X) oo, Dy(X)— > —o0.

Because det (%r(x; LV, K, 77)) is continuous with respect to v, there exists v such that

r(e;pu,v,6,m) €R, Drgepiin (X) =0,

which contradicts the injectivity of (.#, %). Thus, the necessity is proved. O

Theorem 3.1-3.2 present sufficient and necessary conditions for not only the injectivity but also
the non-injectivity of the (.#, %). On the basis of these conditions, we can conveniently verify the
non-injectivity of the MMN module. But the non-injectivity is only a necessary condition on the
capacity for admitting multiple positive equilibria (Example 4.1), because (.#, %) has the capacity
for admitting multiple positive equilibria implies that there exist r € R, a € R’ and b € R”, with
a # b such that not only r(a) = r(b) but also r(a) = r(b) = 0.

3.2. Sufficient existence condition of multiple positive equilibria

As mentioned earlier, the non-injective MMN module may not have the capacity for admitting mul-
tiple positive equilibria. In this subsection, a sufficient condition for existence of multiple positive
equilibria will be provided.

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2014; 24:1505-1529
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Definition 3.4
Let Mo ={j e M :a; =0} o {t1,..., ). @ = (By,. .., By,) is called the input-matrix of the
MMN module (.4, %). Furthermore, if the linear equations

h
¢(X1,X2,.-.,xh)T=in,3:i =b (17)

i=1
had a solution in Rﬁ for any b € R” , then & is said to be positive nonsingular.
Lemma 3.4

If the input-matrix ® of (.#, %) is positive nonsingular and there exist r = r(x; u,v,k,1) € R,
a € R and b € R} with a # b such that

Y (aj—Bpvi@= Y (aj—B;)v;(b)eRY, (18)
JEM/ Mo JEM/Mo
then (#, %) has the capacity for admitting multiple positive equilibria.

Proof
Because @ is positive nonsingular, by (18) and Definition 3.4, we know

O(xp,x2,....xp) = D (aj—Bj)v;(a)

JEM/My
has a solution in Ri denoted by (xf, e, x,*l)T. By (17), we have
h
YoxBu= Y (@ =B, (19)
i=1 JEM/ M

For j € M/ My, let Vj = V;. Without loss of generality, let j = 7; for j € My and Vj =x'/1;,
which implies v; = x. Thus, 7 (x; u, U, &, 1) € R. By (5), it can be seen that

Flasen =Y (Bj—a)ij@+ Y (Bj—a;)ij@)

JEM/ My JjeMy
= > Bi—apvi@+ Y x'By,
JEM/ M, T €Mo

which together with (19) indicates 7(a) = 0. Similarly, we have 7(b) = 0. Thus, the lemma is
obtained by Definition 2.5. O

Remark 3.4
(18) implies r(a) = r(b), but the converse is not true. In fact, r(a) = r(b) if and only if

Yo (@i —Bpvi@= Y (e;—B)v,b).

JEM/Mg JEM/ Mo

Theorem 3.3
If the input-matrix ® of the MMN module (.#, %) is positive nonsingular and there exist r =
r(x;u,v,k,m) € Rand ¢ € ]R’fF such that

det(Z,(c)) =0 (20)
and
> (@ =Bjvj) R, 1)
JEM/ Mo
then (.7, %) has the capacity for admitting multiple positive equilibria.

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2014; 24:1505-1529
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Proof
To prove the theorem, by Lemma 3.4, it is sufficient to show that there exist 7 = 7 (x; u, V,&,7n) € R,
a € R} and b € R” with a # b such that

D Gy =Byl bk = Y (e —B)vjbipy.0j.%j.n;) € R
JEM/ My JEM/ Mo

The following gives such 7,a and b.
By (20), we know that there exists nonzero ¢ € R” such that %, (c)é = 0. Let £y = &/ N for any
given N € Z . Then,

Py (c)en = 0. (22)
For these r(x;u,v,k,n) € R, ¢ € R% and £y € R”, by Lemma A.6, there exist ry =

rN(x;/L,vN,KN,n) € R,by € R and ay € R’] such that

Ir(©)en =rn (bni v kN n) —ry (ans ™ kN n), 23)

rn, by and ay are selected in the way of (A.9), (A.10) and (A.11) with b; = ¢; and the ‘any positive
real number’ in (A.10) and (A.11) are chosen as k; ; and V/;, respectively.
Noticing £x # 0 and (A.9), we have

an # by (24)
and
by =c, lim ay =c. (25)
N—o0

Let yo = b?i"i, y = a?i'j, p=ki;/ (k,-,j + c?i’j) in Lemma A.3. Then, limy oo klNJ = k; ;j by
(A.10) and (25). Therefore,

Nlim N =k, (26)
—00

a;x§;(ck,m)¥EN -1

By (A.2), we have limy o0 o *{j (i, nj) *Ey=0, which implies limy o e 0 R EN

Thus, limy — 00 VjN = V; by (25)—-(26) and (A.11). Furthermore,
lim vV =v. 27
vt = @
By (25)-(27), one can obtain
lim Y (= By (bnips VY ong) = D (@ = Bivi(ei iy, Viskjong). (28)

N—o0 . .
JEM/ My JEM/ My

This together with (21) implies that there exist positive integer Ny such that
No N
> (@ =B (broi g VIO, n;) e R (29)
JEM/ Mo
By (22)—(23) and Remark 3.4, we have
No N No N
> (=B, (aNO;Mj,Vj 0K 0,77;) = Y. (=B, (bNo;/’LJ"Vj 0K 0”71')'

JEM/ M, JEM/ My
(30)

Let 7 =rpn,.a = ap, and b = by, . Then, by (24) and (29)—(30), it can be seen that such 7, a and
b are the very ones we are looking for. The theorem is proved. O
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Remark 3.5
(i) Theorem 3.3 not only gives a sufficient condition for existence of multiple positive equilibria
but also supplies a method of finding the equilibrium.
(i1) The positive nonsingularity of the input matrix ® of the MMN module is not necessary for the
existence of multiple positive equilibria (Example 4.2).

3.3. &/-MMN module

«/-MMN metabolic module (to be given in the succeeding text) is an important type of the MMN
module. Because of its special characteristic, we can give an injectivity criterion completely based
on the topological structure.

Definition 3.5
For any j € M/M,, if there exists ¢; € {1,...,n} such that

o j 760 < i=8j, 31
then (#, %) is called an o7-MMN module.
Remark 3.6

(i) SSN module [3] is an .«7-MMN one.
(ii) By (31), we have

s € Moy;
v = { O (32)
vj(xé‘j)’ J GM/M(),
which implies that the metabolic reaction rate in the </-MMN module is either a constant or with
only one variable.

Theorem 3.4
o/-MMN module (4, %) is injective if and only if m = n and there exists nonzero element in
the set

{det(P(j1,...., ju) detW (i, ..y jn)) i {j1se- s jny S MY},
and all these nonzero elements have the same sign.

Proof
Because (4, %) is an o/-MMN module, by (31), (A.1) and Definition 3.1, we have

n

. . . . ke jils;. ji ) )
det(E(jt.. . jn) © P(j1.- - jn) = [ [ —"— - det(P(jr..... jn)).
i=1 kgjivji -‘,—xi i

which together with

n
k k n‘gji Ji
l_[ ej;-Jillej; il ej;di T X >0

i=1
implies

det(E(j1,---»jn) o P(j1..--.jn)) =0 <& det(P(j1,.-..jn) =0

and
sign(det(E(j1,...» jn) 0 P(J1s. .., Jn))) = sign(det(P(j1,...,jn))).
By Lemma 3.3 and Theorem 3.2, the lemma is proved. O
Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2014; 24:1505-1529
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Remark 3.7
The method given by Theorem 3.4 does not depend on the model parameter. Even though the model

parameters are unknown, the injectivity still can be judged according to the topological structure of
the «/-MMN module.

The results given earlier tell us how to judge the injectivity according to the network structure
of the &/-MMN module. Then, one may ask: what kinds of structures can result in injectivity or
non-injectivity? This problem is very difficult. As an initial result, we now give a structure that
implies injectivity.

Definition 3.6 ([26])
A matrix D = (djj )mxm is called to be diagonally dominated with a chain of nonzero elements if it
satisfies the following conditions:

A) [didl = Y2 dil, i =1,2,....m;
(B) M+ = {i eM:|dii] > Y4 |d,~l-|} £ 0;
©) ifigM T, then there exists a sequence:

diyi> disiys - s diji;_y» djigs

where every element is nonzero and j € M.

Lemma 3.5 ([26])
Let A = (aij)mxm be diagonally dominated with a chain of nonzero elements. If a;; <0,
i=1,2,...,m,then

detA#0, and Re(Aij(A))<0,i=1,2,...,m,

where Re(-) denotes the real part of the complex number ‘ -” and A; (A) is the i-th eigenvalue of the
matrix A.

Theorem 3.5
If an «7-MMN module (.#, %) has an output node and
de;j = Besi = lao@y=o+ Y, Bijs J € M/Mo, (33)
i#e;

then

(1) (A, 2Z) is injective, and has no capacity for admitting multiple positive equilibria;
(ii) if (A, <) has an equilibrium, then the equilibrium is asymptotically stable.

Proof
Firstly, prove that Jacobian matrix g—; is diagonally dominated with a chain of nonzero elements.
By (4), we have

or; Vg v
L= > B+ Y Bik—oii)
Xi Bx,- Bx,-
kEM/MO kEMO
which together with (32) implies
ar; vy vk
L= 3" Bu-wip—= D> Bik—u)—
0x; 0x; . ox;
kGM/M() kEM/M(),Sk =1
Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2014; 24:1505-1529
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By (31), it can be seen that

g ..
— Z (Olek,k - ﬂgk,k)a_xi’ J =1,

% _ keM/Mo.ex =i - (34)
x’ Z IBJ ko ax .] # i’
kEM/Mo,é‘k i !
and for j #1,
8r,~
8_xi 20 & FkoeM, s.t. ai,koﬂj,ko #£0. (35)
By (33), we know
Qg ke — Berk =0, ke M/My, (36)
which together with (34) indicates
or; 0V
L g Z (Olsk,k - ﬁ&‘k,k)_’
0x; ) 0x;
kEM/MO Ei =1
or or; oV
ML= L= Y Bk = > Zﬁ,k
— | dx — 0x; ax; ax;
J#i J#i j#i ke M/Moy.ex =i keM/My.ex=i jFex
Thus, by (33) we have
ar, 8rj
> _J 37
0x; Z ox; 7)
J#i
and
arl— 87']' ~ .
7 oo Foostag #0.9 (Bg,) #0.1<i<n. (38)

JF#i

The inequality (37) implies that L satisfies the condition (A) of Definition 3.6. Because (.#, %)
has an output node, by (38) we know

31‘,‘
0x;

arj

ie{l,2,...,n}: ;
Xi

>

J#

£ 0

Hence, 4 95 also satisfies the condition (B) of Definition 3.6.

If the inequality (37) cannot be strictly established, then by the condition (iv) of Definition 2.3,
there exist iy,...,7;, such that o;; # O, Qﬁ(ﬂjjo) # 0, and there exists f; such that
Bi;io;i,0 # 0, ) = 1,..., jo — 1. Thus, by (35), we know the elements in the following
sequence:

artl 87‘[2 art_,'o_l
b 2 9
ox;  0xy Bx,jo_z
are nonzero; and by (38) we have
arl‘j()—l

Z 3rj

ox; .
j?étjo—l t'/o_l

k]

which implies that ~ satisfies the condition (C) of Definition 3.6. Thus I is diagonally dominated
with a chain of nonzero elements.
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Table I. Parameter values.

Parameter Value Parameter Value Parameter Value

V1 1 nia 1 k2!2 2
Va 1 nz2 1
1 1 k11 1

i

Therefore, by (34) and (36), we have (f;% < 0,i = 1,...,n, which implies that the diagonal

elements of g—; are negative. By Lemma 3.5, one can obtain

d d
det(SL) 20, Re(n (L)) <0, i=1,....n
dx dx

Thus, (i) is true by Theorem 3.1, and (ii) is proved by [27, Theorem 2.4.18]. O

Corollary 3.3
SSN module with an output node is injective and has at most one equilibrium [3, Theorem 3.1]; and
the equilibrium, if any, is asymptotically stable [4, Theorem 2].

Remark 3.8
(1) (33) is only related to the network structure, not to the model parameters.
(i1) Generally speaking, the asymptotical stability in Theorem 3.5 is local. But if the set of state
nodes of (.#, ) has only two kinds of metabolites, then the stability is global [28].

4. EXAMPLES AND SIMULATIONS

Example 4.1
Consider MMN module (.#1, %1):
H — S, Si=05,.

Let .7 = {81, 82}, %1 ={A; = B; :i = 1,2,3}, where A; — B £ Hi — S, Ay — B> 2
S1—>S2,A3—>B3éS2—>S1.
By (5), a model of (.#1,%) is given by

dx v — 2 + U3
- =rxX;u,v,K, = .
& (x5 p n) ( Vs — U3

It can be seen that » = 0 is no solution due to v; = w1 > 0. Thus, (.#1, %1) has no capacity for
admitting multiple positive equilibria. Because

dvo dvs
dr _ —dx  drn _ dvy dvus —1 1 _
det (a) = det |:( Z;? dvs = d_xld_xz det 1 -1 = 0,

T dx>

(A1, %) is non-injective by Theorem 3.1. In fact, if the model parameters take values from Table I,

then we have
1\ 2\ (1
"2 )7 a)T\Vo )

which implies (.1, %) is non-injective again. To sum up, although it is non-injective, (.#1, %1)
has no capacity for admitting multiple positive equilibria.

Example 4.2
MMN module (.#>, %>) is given by

H -8, H,—S83 S1=8, S5+S—P+P.

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2014; 24:1505-1529
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Table II. Parameter values.

Parameter Value Parameter Value Parameter Value

V3 3 k1!3 2 ni3 2
Va 1 kaa 1 n2.4 1
Vs 6 ka5 1 k3s 1
ns3s 1 nzs 1 M1 1
2 1

Let % = {Sl,Sz,S3}, Ky = {Al — Bl,...,.As — 65}, where .Al — B] é H; — S, .Az —
BzéH2—>S3,A3—>B3é51—)Sz,A4—>B4éSz—)Sh.As—)BséSz—f—S?,—)Pl+P2.
Then, by Definition 3.4, we have

b =

(=i
(=R o]
—_ o O

Thus, the input-matrix ® of (.#3, %,) is singular. If the model parameters take values from Table II,
then a model of (.#5, %>) is

X2 _ 3x
q 1+ T+x>  2+x;
X . 3x1 X2 6X2Xx3
U rvp i) = 55y T Tre T 0Fo)(F)
1— 6X2Xx3
(1+x2)(14+x3)

In this case, r ((2 1, %)T> =r ((3,4, %)T) = 0, which implies that (.#,, %,) has multiple

positive equilibria though the input-matrix @ is singular.

Example 4.3
(A5, X3) is an MMN module as follows:

H + H,— Sy, H{+35 —2S5+ 53,

Hi+H, +285, —> S4+ P1+ Py, S3—> P14+ Py, 254— 81+ P,.

The set of its state nodes has four kinds of metabolites: Sy, S», S3 and S4, and the aforementioned
five reactions are denoted by A; — By,..., A5 — Bs, respectively. Then, we obtain a model of
(M3, %53) as follows:

V1 4+ v5 — 30,

dx . _ 20, — 203
il r(x;m,v,k,m) = Vg — s 39)
U3 — 21)5

By Definition 3.5, we know that (.43, %3) is an o/-MMN module. Noticing det([o2, @3, 04, @5])
det([2 — a3, B3 — a3, B4 — @4, B5 — as]) = 120, by Theorem 3.4, (.43, #3) is injective.
Furthermore, (.43, %3) also satisfies (33). Thus, by (39) we have

—3v5 0 0 Vs
dr 0, —2v5 0 0

dx v 0 —v, 0
0 V4 0 —2v5

By Definition 3.6, g—; is diagonally dominated with a chain of nonzero elements and det (dd—;) =

10vjv5v vs > 0. This also implies (.3, %3) is injective.
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On the other hand,

d
det ()LI — d_r) = (M+v)) [A7 + (3vy + 20} + 205)A% + (6v5V5 + 6VHvS5 + 4vivs) A+ 10v5v505] .
x

d

By [27, theorem 2.4.3], we know that the real parts of the eigenvalues of Jacobian matrix = are all

d

negative. Thus, the equilibrium, if any, of (.#3, %3) is asymptotically stable. If the model parameters
take values from Table III, then (.73, %) has only the following positive equilibrium

& (1+ 5+ ¥3)

=1

% (1+5)

13
2 (2+v70)

Table III. Parameter values.

Parameter Value Parameter Value Parameter Value
Vs 4 k12 0.3 nip 1
V3 8 ka3 0.7 n23 1
Va 6 k3a 1 n34 1
Vs 3.5 kas nas 1
n1 1 w2 0.5 "3 0.25
15 1.5
initial value A initial value
—x,g=0.01 [} —x,=0.30
- =, =0.02 “ - = = %,,=045
. L Xgy=0.10 N [ X=0.90
S ==X, =0.40 S Ay =X, =150
5 8
=1 = B -~
5 s | Sie
s Q < B
5 Fii=Nibiaig e B I et
S 05 L= © 05} 4
Ras -
v ;
’
.
' .
i
0 0 L
0 0 2 4 6 8 10 12
time
()
15 1.5 T
initial value i
—_— =100 |
= = = X,=2000 :
| ; MH\HX30=30 !
5 5 S |
g B :
€ € !
[} @ U
o Q
c c =
9] S --
© o5} © 05
0 . . . . 0 . . . .
0 10 20 30 40 50 0 200 400 600 800 1000
time time
() (d

Figure 2. Trajectories of (.#3,%3) starting from four different initial value sets (x10, X20, X30, X4())TZ (a)
(0.01, 0.02, 0.10, 0.40) 7, (b) (0.30, 0.45, 0.90, 1.50)7", (c) (10, 20, 30, 40)”" and (d) (100, 2000, 30, 900)7 .

Copyright © 2012 John Wiley & Sons, Ltd.

Int. J. Robust Nonlinear Control 2014; 24:1505-1529

DOI: 10.1002/rnc



1524 J. GUO, J.-F. ZHANG AND Y. ZHAO

Figure 2 describes the dynamic behaviors of (.#3,%3) starting from four different initial values
(X105 X20, X30, X40)T. In the subfigures (a) and (b), the initial values are in a small neighborhood of
X, and the trajectories converge to X, which is consistent with Theorem 3.5. In the subfigures (c)
and (d), the trajectories also converge to x, although the distances between the initials value and x
are large.

5. CONCLUDING REMARK

It is fundamental and of practical significance to regulate the multi-steady-sate performance of
metabolic networks by changing the external conditions or readjusting the network structure.
To do so, two questions may have to be solved: (i) how to judge whether or not a metabolic
network can admit multiple equilibria; (ii) what kinds of topological structures can result in multiple
equilibria. From the theoretical point of view, the paper provided a partial answer to them. For the
MMN module, two necessary and sufficient injectivity conditions and a sufficient non-injective
condition for the existence of multiple positive equilibrium were provided. For a type of impor-
tant MMN module—%/-MMN module—a structure-oriented criterion for injectivity judgement
was given. Especially, for a kind of «/-MMN module with some special structure, the module
was shown to have no capacity for admitting multi-equilibria, and the equilibrium (if exists) was
asymptotically stable.

As future works, many challenging and meaningful problems are worth considering, such as the
dynamic characteristic of the MMN module with more general structures, the multi-equilibrium
property of MMI module, how to realize switchings among the different equilibria, and so on.

APPENDICES

Lemma A.1
Ify;>0,i=1,...,4,and

ln(yfz)-i-ln(y‘ﬁﬁ1 )

y2 _y3.yl—y4+y2’ yl #y27
ys=1In (;) . V6= n(5553)
any positive real number, y; = y»,
then
Ve > O,ey;fy?)ys — LM
yaty2 )
Proof
If y1 = y», then the lemma is true. Otherwise, let g(7) = log% (iii;) , t € (0,00). Noticing
d 1 Y2—)1 .
—o(t) = >0, g(0)=—-1, lim t)=0,
T S RS YY) R S

6
we have g(¢) € (—1,0). Thus, by y¢ = —y3 I;fy(j’)“), we have yg > 0. Substituting yg into e 76 +73 7"
.Y, . o
results in e V6 +737° = _22__YaTV1 \which implies the lemma. O
Yaty2 1
Lemma A.2
Ifz1>0,2,>0,z3# 1 and
z3 23
25°=2] .
s pa—p y 21 7& 223
24 = 273 1—233 1

any positive real number, z; = 22,

then
23
Z2 Zat 1 )
__z(_) L ws0 e 0<z<l
Zat+22 21 21
Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2014; 24:1505-1529

DOI: 10.1002/rnc



MULTI-EQUILIBRIUM PROPERTY OF MMN METABOLIC MODULE 1525

Proof

If z; = z», the lemma is true. Otherwise, substituting z4 =

: 22 24421
T ey into —=2—=4"=%, we have

Z Z4+2 Z 3
2 u:(i) .Lete:zZ/zl.Then,

Z4+22 21 21
z3 z3
Zy” —Z
>0 —2__ L5
z3—1 z3—1
<1 )
€?3 —1

T
21
S (€2 —1)(e*3—¢) <0
< min(1,¢€) < €23 <max(l,¢)
& min {log, (min(1,¢€)),log, (max(1,¢€))}
< z3 < max {log, (min(1,¢)),log, (max(1,¢))}

&S 0<zz3<1.
Thus, the lemma is proved. O
Lemma A.3
If yo > 0and p # 1, then
P _ yp
lim —Yo—r __ JoP

0<y—yo yr—1 — y(l)’_1 S 1- p

Proof
By L Hospital’s Rule [29], we have
i yo—-yt —py?t Py Yop
1im S lim T N2 lim = N
0<y=>yo yr=l —yf 0<y=yo (p—1)y? 0<y=yo (1—=p) 1—p
which implies the lemma. |
Lemma A.4

For any £ = (£1,...,£,)T € R”, we have
d m
©) = Y (B~ < g kv,
j=1

where {; is given by

T
A kijni kn.jnn.j
§’j=§j(x;/cj,nj)= e, - (A.1)
kl’j +x;'"’ kn,j —I—xZ""
and the scalar product ‘*’ is defined as
" kiin o
. A ijNi.j i.j .
“j*ﬁj(x”‘j’ﬂj)*é—ZWTEi, I<j<sm. (A2)
i=1 Mg +xi !
Proof
By (5), we have
ir 9| & - v,
J
—_— = i—aj)vi | = P — o) —.
= S e | =2 e
Jj=1 j=1
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This together with

avj o ki,jn,-,j Oll_J
i ki + X xi
indicates
kiinij o .
8x Z(ﬁ, a;)v, Ly ;,i,j % 1<i<n. (A3)
1 - ' i
Thus,
dr ar or " ar
To=(2 i) e —;(a—m)&
nij %ij
= Bj—aj)vj———~ I i —=&i
;12—; k,] +x; X
_Z(ﬂ —aj); ZM“”E
J J ]z—1k11+xn” AL
which together with (A.1) and (A.2) implies the lemma. O
Lemma A.5
Forany r =r(x; u,v,k,n) € R, b = (by,.. .,bn)T €eR% anda = (ay,. ..,an)T € R”, there exist

F=7(x;uv,k,n) €R, c= (cl,...,cn)T € R% and § € R” such that
r(b) —r(a) = Z5(c)é,

where & and ¢ satisfy

iy (_) > 0; (A4)
Ci i
V, k can be selected as
nij o 1+t 1 kij+a; "’ : .
~ —C. - — t=—1I . —, fa; b',
O S ) (ki,_,»+b,- ) ez (A5)
any positive real number, ifa; = b;;

n nigo 7o Mg\ kg (e ) xE
a k c VA VACLY RN —1
( i.jt¢ ) ¢ ifaj*Cj(cikj,nj)x§#0;

~ V; T — ,
Vi=y ' 11:[1 kij+a; el aj*Gj(cikj,mj)*§
any positive real number, itajxi(c;kj,nj)*x&E=0.

(A.6)

Proof
From (A.4), we know ¢ e R%. Notlclng (A.6) and x/(e* —1) >0, Vx # 0, one can get V] > 0,

1 <j<mLety; —a ,yz—b 'L ys =g . and y4 = k; j in Lemma A.1. Then, by (A.4)
and (A.5) we have

~ n n

nijkij & _ b kijta” A7
exp " = i 77 (A7)
k, jtec Ci ki’j + bi a;

and
kij>0, 1<i<n, 1<j<m.

Hence, 7(x; u,v,k,n) € R.
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By (A.2) and (A.7), we know
i) (eskjmj )€ 1_[ exp nj fki J Oli,jfi
i=1 kl J +c nlj Ci
A A
—IT( m,’“:? ) . 1<j<m (A.8)
io1 \Kkij +Db; a;
This together with Lemma (A.4) and (A.6) implies
nl J i j
2}t = Zu; Vi H (k i ) [etj # 85 (csRyunj) * €] (B = )
i.j
o
i *8j(cik j.mj)*E
—Z/LJ jl_[( ) (ea/*f 7o —1)(,3j—aj)
J i=1 kl J +a
C‘i,‘ n: o O‘i,_/
b?z,/ J n ai ij
=> v, —t ) Tl |®i-an.
Z J [llj[l (ki,j + bln g ) 11:[1 ki,j + a:l J J J
Hence, by (5) we have r(b) — r(a) = Z5(c)&, which gives the lemma. O

Lemma A.6
Forany r = r(x;u,v,k,n) € R, c € R’} and § € R", there exist 7 =
and a € R’} such that

Dr(c)§ =7(b) —F(a)

F(x:pm,v,k,n) € R, beRY

with
. &
— =e¢,b;>0,a; >0, (A.9)
ai
n; i\! n; i\t
bl (g
I S-l- t—)l (al,,. .)r—la = k”n,ja ifai?ébi;
ki,j = (aiu) _(bil'j) k” (A.10)
any positive real number, ifa; = b;,
v, l—[ kij +a;’ e\ x ek ng) ¥ § o, % (ciksin) *E O
T/’] — n, j kl'yj + C;’li’j eaj*;'j(cmjvnj)*é 1 , 1 O[] é‘] (CﬂK]7nj) S )
any pos1t1ve real number, ifo; *¢;(c;kj,n;)xE=0.
(A.11)
Proof
By (A.9) and (A.11), wehaveaeR”,beR" andV >0,1<j <m.Letz, —a ,Zz—b’?”

andz3 =k; j/ (k, i+ c ) in Lemma A.2. Then, noticing 0 < z3 < 1 and (A.10), we have

k

ni j ~ ni; Mg tig
bt kijta™ (b—l) Kihe;
. nij ni j - .
k,',j +bi a; aj
and
kij>0, 1<i<n 1<j<m

Thus, 7(x; u,v,k,n) € R.

Copyright © 2012 John Wiley & Sons, Ltd.
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From (A.2) and (A.9), it follows that

nijkij i 1
. m i, & 7 i,]
l_[ (bl)ki,j+cfl'j — (ec;)klﬂ,ijCilJ
: aj; :
i=1 ! =

ni,'k,’,' Ol,'"é'i b (e
=exp E ! ,{, -] = ¥ *8j(ckjonj)*E
kij+c;" ¢

Then, by (A.12) we have

nijklj

n njj - ni ;i\ % n ity
bl g 4 dl b; it 7 .
l_[ _ i LJ it — l_[ YN ki e — ea_/*g'j(c,/cj,nj)*g’ 1<j<m.

nij nj, .
is \kij +b;" a4 i=1 N
This together with (5) and (A.11) gives
r(b) —7(a)
i " ﬁ plii %i.j ﬁ ey %i.j
= wiVi ~l—n, - ~l—nl Bj—aj)
j=1 i=1 ki,f +bi ! io1 \kij +a;"’
m n (xi,j n ni o ~ ni o (xi,j
b‘l._l klj +a-l«,]
_Z/’LJVJH l_[ I T ni,'l — 11 (Bj —))
j= i=1 kl} +a i=1 ki,j +bi ’ a; ’
m n @ j
—ZMJVJ]_[ [orj * Cjcinjong) «E1(Bj — ).
j= i=1 k i.j +
Hence, from Lemma A.4, we have 2, (c)é = 7(b) — 7(a). Thus, the lemma is true. |
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